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Abstract-A study is made of the inelastic response of a rectangular portal frame with a mass attached to the
center of the beam to an impulse load transverse to the plane of the frame. The material is considered to be
rigid-plastic. and the interaction between bending and torsion is considered on the basis of a rectangular yield
curve, The ratio of the frame mass to the attached mass y and the ratio of limit torsion moment to limit bending
moment fJ are considered as variables, A simple two degree offreedom solution to a different initial value problem
is presented which can be used to approximate the original problem in a rational manner. A comparison with
an exact rigid-plastic solution is given for a limited range of values of fJ and y, Experiments were carried out on
steel and aluminum frames. The impulsive load was obtained by detonating blasting caps against the attached
mass. The experiments showed evidence of the effects of the dependence of yield stress on strain-rate, When the
rate sensitivity is included in the two degree of freedom solution in an approximate manner. good correlation
between theory and experiment is obtained.

1. INTRODUCTION

THE inelastic response of ductile metal structures to dynamic loading is non-linear and
presents severe analytical difficulties. The effects of strain-hardening, strain-rate sensi­
tivity, elastic behavior and geometry changes compound the complexity of the analysis.
Closed form solutions have been found for relatively few problems in this class. Although
powerful numerical procedures have been developed (see, for example Witmer et al. [IJ),
there remains a need to seek analytical solutions to dynamic problems in order to provide
a better physical understanding of the nature of the problem and to determine the most
significant factors contributing to the response.

At the present time, the problem must be highly idealized if an analytical approach is
expected to be successful. One of the most useful sets of idealizations introduced in recent
years is that of the "elementary rigid-plastic theory" applied in particular to impulsive
loading problems. In this theory it is assumed that the elastic contributions are insignificant,
that the yield stress is constant and not affected by strain or strain rate. Geometry changes
are neglected. In order for these assumptions to be valid, the magnitude of the dynamic

t The research reported in this paper was supported primarily by the Underwater Explosions Research Divi­
sion. David Taylor Model Basin under Contracts NI89(l81}-592l7A(X) and NI89(181}-60723A(X). The
experimental work was supported by the National Science Foundation under Grant GKI013.

t Assistant Professor, Department of Mechanical Engineering.
§ Professor of Engineering.

117\



t 172 (J. L. JOHNSON and J. B. MARTIN

disturbance must be large enough that elastic effects are indeed negligible. Despite the
apparent contradiction in that it is also assumed that geometry changes are small, this
theory is applicable in many structural problems.

Early studies showed that particularly simple solutions could be obtained to certain
problems on the basis of these assumptions (e.g. Lee and Symonds [2], Conroy [3], Hopkins
and Prager [4], Symonds [5], Parkes [6]). Comparison of the theoretical predictions and
experimental results have shown that while the assumptions of the elementary rigid-plastic
theory lead to reasonable results, it is necessary to include strain hardening, rate sensitivity
and geometry change effects in most cases to obtain good correlation. If attention is
confined to structures in which geometry changes cannot contribute significantly, and to
ductile metals in which very little strain hardening occurs, the discrepancy between the
elementary theory and experiment must be caused by strain rate sensitivity, i.e. the
dependence of yield stress on strain rate.

Parkes [6], in performing tests on cantilevers with an impulse at the tip, attempted to
account for rate effects by using the elementary rigid plastic theory with an elevated yield
stress based on an estimated average strain rate. The data of Manjoine [7J for the yield
stress of mild steel as a function of strain rate was used. Bodner and Symonds [8] performed
further tests on cantilevers. showing that better agreement could be obtained if a rate
sensitive constitutive relation was used. Bodner and Symonds presented an approximate
rate sensitive or rigid-visco-plastic analysis, and Ting [9] developed a more exact numerical
procedure. The rigid~visco-plastic analysis is again extremely complex, but good agree­
ment was obtained.

Some attention has been given to approximate methods of including rate sensitivity.
Perrone [10] showed that good predictions of the final deformations could be obtained
if the yield stress associated with the initial value of the strain rate in impulsively loaded
simple structural elements is used.

Additional studies using the elementary rigid-plastic theory showed that early optimism
regarding the simplicity of the theory was unfounded. Some simple structures, apparently
suitable for the elementary rigid-plastic theory, proved extremely tedious to analyze and
it became necessary to resort to numerical integration during part of the motion (e.g.
Ezra [11], Gangopadhyay [12]). Recognizing that the simplicity of the rigid-plastic theory
was one of its chief virtues, Martin and Symonds [13J developed a rational method of
obtaining approximate elementary rigid-plastic solutions for impulsively loaded struc­
tures. The approximate solutions discussed by Martin and Symonds were mode solutions
with one degree of freedom. They were extremely simple to obtain, and gave good results
in many problems where a complete analysis was difficult.

Symonds [14J used the mode approximation technique as a starting point for an
approximate theory including strain hardening and strain rate effects, and showed that
adequate agreement with experiments could be obtained. Bodner [15] performed addi­
tional tests on cantilevers, and showed that an approximate visco-plastic theory based on
the mode approximation and on Perrone's observations [10J gave good agreement.

Apart from simple beams, very few structures composed of straight bars have been
studied. This class of structures has many advantages as an object of study, since they are
used fairly widely in engineering practice and are nevertheless sufficiently simple that both
analysis and experiments are fairly simple to carry out and to compare. It is the purpose
of this paper to extend the idea discussed above to cover a structure in which two generalized
stresses are important. The structure is shown in Fig. I. A square portal frame has a mass
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FIG. I. Rectangular portal frame.

attached at the center of the beam, and the mass is subjected to an impulse in a direction
transverse to the plane of the frame. Additional analytical difficulties are introduced
because the interaction between bending and torsion must be included (shear deformation
is neglected). The ratio of limit torsion moment to limit bending moment /3 and the ratio
of the mass of the uniform frame to the attached mass yare considered as variable
parameters.

The analysis is carried out in an approximate manner, on the basis of elementary
rigid-plastic theory. Comparison is made with the exact rigid-plastic analysis given by
Johnson [16]. Visco-plastic effects are included in a manner similar to that suggested by
Perrone [10], Symonds [14] and Bodner [15], and experimental results are presented which
confirm the predictions within a limited range of values of the governing parameters.

The exact elementary rigid-plastic analysis of the problem was attempted by Johnson
[16] on the basis of a simple idealized interaction between bending and torsion. This
analysis is complex during the early stages of motion and the analysis is carried out only
for limited regions in the /3, y domain. The mode approximation proves in this case to be
inadequate for describing the motion, largely because it predicts that there will be no
deformation of the beam to which the mass is attached. Thus, in this paper, an improved
but nevertheless simple, approximation is presented. This approximation is based on the
same arguments as those given by Martin and Symonds [13], and is valid over the entire
range of values of /3 and y. It is also shown that an approximate visco-plastic analysis
may be constructed following the approach of Symonds [14] and Bodner [15], and a short
series of experimental results is presented.

2. APPROXIMATE SOLUTIONS

Recently Martin and Symonds [13] have shown that a rational approximation for
impulsively loaded rigid-plastic problems may be found using an argument similar to
that required to prove uniqueness for this class of problems. The approximation has been
shown to provide good estimates of the final deformation of the structure while eliminating
the tedious and time consuming exact analysis of travelling hinge phases.
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(1)

(2)

Suppose that, for a given structure two independent initial velocity fields Vi, vf result­
ing from impulsive loading lead to responses characterized by velocities Ui, uf, generalized
stresses Qj, Qj and generalized strain rates qj, qj. No forces do work on the structure
during the response. By the principle of virtual velocities

in(ui-ut)(Ui-uf)ds =i (Qj-Qj)(qj-qj)ds

where n is the mass per unit length, and the integration is carried out over the entire length
of the structure s. Provided that no moving velocity discontinuities are present,

f n(ij· - ij:")(u· - u:!,) ds = ~f n(u· - u:!')(u· - u:!') ds
s 1 1 I I dt s l l l I •

Further, for rigid-plastic materials,

i (Qj-Qj)(qj-qj)ds ~ O.

Thus, if

equation (l) implies that

dd
-<0dt - .

(3)

(4)

(5)

d is positive definite, and is zero only when the two responses are identical. It may there­
fore be interpreted as a measure of the difference between the two solutions, and (5) shows
that the solutions converge on each other in this sense as time proceeds.

Suppose now that Vi represents a set of initial conditions for which the response Ui is
not known. If the initial conditions can be changed to new values vf for which the response
ut is known or can be simply determined, it can be expected that ut will be a good approx­
imation provided that d(O) is small in comparison with the energy in either solution. It must
be emphasized that the approximating solution must be complete in all respects in order
that (5) should hold.

Martin and Symonds used one degree of freedom (or mode) solutions as approximating
solutions. Thus, the response ut is taken to be of the form

uf = V*cPi(S)T(t), (6)

where v* is an amplitude, cPi(S) is a mode shape, and T(t) is a dimensionless function of time
such that T(O) = 1. The value of v* is obtained by minimizing d(O) with respect to v*. It
can be shown that T(t) will be a linear function of the form

t
T(t) = 1--.

t r
(7)

The mode approximation can be used for the problem under consideration and may be
illustrated by its application. The structure is a rectangular portal frame (Fig. 1) with



The permanent deformation of a portal frame subjected to a transverse impulse 1175

uniform physical properties. At time t = 0 a mass G strikes the structure at C with a trans­
verse velocity Vo (i.e. Vo is normal to the plane ABCB'A') and remains attached to the
structure. It is assumed that the material is rigid-perfectly plastic. The yield stress is
independent of strain rate, and the effects of geometry changes are neglected. Shear and
axial deformations are not considered, and the rotatory inertia of a structural element is
assumed to be zero.

Since shear and axial forces are neglected, the yield surface may be represented as a
curve in bending moment-torsion moment space. It will be assumed that this interaction
is given by the rectangular figure in Fig. 2. with the limit torsion moment less than or equal

M

P4 P3 P2

Mo

P7
0 To

P5 P,

T

FIG. 2. Rectangular yield curve.

to the limit bending moment. The normality condition requires that along the lines of
constant torsion moment (PIPZ and P4 Ps) the generalized strain rate vector is a twisting
rate only. Similarly, along the lines of constant moment (P4 PZ andPsPd pure bending must
occur. At the corner (PI , Pz , P4 , Ps) the generalized strain rate vector, plotted at the corner,
must be within the 900 fan formed by the outward normals to the two intersecting lines.

The actual yield curve for any symmetric section with the same yield stress in tension
and compression will be symmetric about the M and T axes. Thus the rectangular inter­
action is an upper bound to all convex surfaces and will contain the actual yield surface.

The mode shape for this problem is shown in Fig. 3. This shape cannot be justified
a priori; its acceptability is dependent on a check for yield violations in the structure. The
initial velocity field is given by

u*(t = 0) = £z~
2L

u*(t = 0) = z~

0< /.l. < 2L

O<A<L.

(8a)

(8b)
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FIG. 3.

(9)

The actual velocity field is zero at all points except C, where the velocity is Vo' The appro­
priate form of equation (4) gives

G f.2L (fl i *) 2 f.L.:1(0) = 2(vo - i~)2 + 0 n 2l dfl + 0 n(i~)2 dA

G
= 2(vo-i~)2+jnL(Z~)2.

The best initial value is found by minimizing .:1(0), and is given by

where

3
i o = ---

3+ 1O}'

.*
. Zo
Zo = -,

Vo

nL
I' = G etc.

(10)

The motion of the structure with the initial velocities defined by (8) and (9) will be
derived in detail for later use, although it was shown [13J that in general the velocities will
vary linearly with time and a simple expression can be written for the time at which motion
ceases.

The hinges at A and A' etc. involve pure bending; it follows that the mode motion
simply involves rotation of the structure about the line AA', with a restraining moment of
2Mo. The equation of motion is thus obtained by setting the rate of change of angular
momentum about AA' equal to ( - 2M0)' Thus

Putting t = MotlGLvo, i = i*Ivo, this reduces to

.. 3t
Z = Zo- .

(3 + lOy)

-2Mo· (11)

(12)
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The structure comes to rest when t = tf' and

tf = (1+ 1~ y) i o.

The accelerations can be found from equations (12) and (8). The generalized stresses can
now be found from equilibrium relations. It is found that the torsion moment T is zero,
and the bending moment nowhere exceeds Mo. Hence the approximation is valid in the
particular sense under discussion, and displacements may be found by integrating (12)
and (8).

The final displaced shape predicted by the mode approximation will be proportional
to the shape shown in Fig. 3. Although the magnitudes of the final displacements will
represent a fairly good average displacement for the real problem, it is very clear that in
this case the approximation is severely limited in that it predicts a constant displacement
for the beam BCB'. It can be expected that deformation of the beam will take place, and
that the relative deformations of Band C will depend on f3 = To/Mo.

The approximate technique may, however, be applied to more realistic initial condi­
tions; it requires only that the solution to the modified initial conditions should be known.
In the following section a more realistic approximation will be sought.

3. TWO DEGREE OF FREEDOM APPROXIMAnONS

Difficulty occurs in rigid-plastic analysis in finding approximate solutions to phases
of the response in which travelling hinges occur. It seems reasonable, therefore, to seek in
this case a fixed hinge solution which will allow relative deformation between Band C.
To this e'nd consider the initial velocity field shown in Fig. 4. This field has two parameters,
i~ and w~, which must be determined. As in the mode solution the most rational choices
of i~ and w~ which can be obtained from the initial data are those which minimize /10,
obtained by putting

0/1° 0/1°
oi~ = ow~ = o. (14)

For the real problem the initial velocity is zero everywhere except C, where the mass
has velocity vo. The approximate initial velocity field is

Hence

AB

BC

for 0 ~ J1 ~ 2L

O~A~L.

(15)

(16)
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FIG. 4.

Differentiating and solving as in equation (14),

. IS
20 = -lS-+-ll-'-A

-3
Wo =--­

IS + Ill'
(17)

where =0 = =Uvo, Wo = w~/vo·

Now that the initial velocity field of the approximating solution has been found, the
analysis can proceed independently. It may be re-emphasized that the approximation
involves only the determination of a suitable optimum initial velocity field. From this
point a complete solution to the new problem must be found. It is this new solution which
approximates the response to the initial velocity field.

Details of the solution will not be given, since the calculations are essentially straight­
forward and may be found by reference to Johnson [16]. Since the hinge positions are
fixed, a technique related to Lagrange's principle was used to formulate the equations of
motion. Suppose that the accelerations are u(s), velocities u(s), the strain rates 4is) and the
stresses Q}{s), where s is a variable measuring length along the beam. Let v(s) be a time
independent velocity field with associated strain rates q(s). By the principle of virtual veloci­
ties

-Jnuv ds = LQjqj ds.

This equation may be integrated with respect to time to give

Jnuo(s)V(s) ds - Jnu(s, t)v(s) ds = L' dt LQjqj ds

(1S)

(19)

where uo denotes initial velocities. In this expression Qj is not a function of time over
certain phases of behavior because the hinges are fixed and because of the nature of the
yield surface. In general, the behavior may be broken into a series of phases where expres­
sions such as (19) can be applied. The initial conditions for an intermediate phase are
simply the final velocities for the previous phase, and time is measured from the beginning



(20)

(21)
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of the phase. Equation (19) is a necessary condition of equilibrium, and two such equations
using two independent constant velocity field will provide the two relations necessary to
find the two parameters which describe the velocity field. One such field is proportional
to that shown in Fig. 3, and the other is given in Fig. 5. Proper account must be taken of
the fact that the strain rates occur in discrete hinges, and the computation is still subject
to a check that the yield condition is not violated.

FIG. 5.

During the first phase of motion, starting with the conditions given in Fig. 4, the corner
B moves downwards. The dimensionless velocities wat Band i at C (obtained by dividing
real velocities by vo) are given by

i = i o- (45+42) t
lS+ 11

. . (27+24Y+1S f3 +1Sf3Y )
w=wo+ t.

y(lS + 11 y)

This phase ends at time t I when wbecomes zero, since Wo (equation 17) is negative. The
yield condition is not violated in this phase in the range 0 :::;; f3 :::;; 1.

In the second phase wbecomes positive, and the moment at A changes sign. The
velocities are then given by

. . (39 +42f3)
Z = Zt- (lS+lly)(t-t d

. 9+ 12i,+lSf3+ISf3}'
w = (t-td

}'(IS + 11 }' )

where it = i(td. This phase ends at t = t 2 when w= i, and the central hinge disappears.
A check for yield violations shows that this behavior is valid only for

f3 :::;; (4 + y)/(4 +4}'). (22)

Thereafter the behavior is given by the mode solution (equation 12) with i(t2 ) substituted
as the initial velocity.
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(2.1)

(24)

When f3 ;:::: (4+ y)/(4 +4y) the yield bending moment is exceeded at A during the second
phase of this solution. It may be inferred that a hinge will form in AB, and the velocity field
shown in Fig. 6 was assumed. In this case it is found that the hinge in AB remains stationary
as the deformation continues, after jumping instantaneously from A at time t l . This may
be confirmed by a detailed analysis which permits the hinge to move [16J, or by assuming
that it is stationary and invoking the uniqueness proof [17J when a solution is found. The
distance x is given by the expression

,,/{ (17 + 24)' + 8/)+ fJ(8 + 12)' +41,2)}
x = (3+2")+--- --.

, 2(1 +fi)(1 + I')

A

FIG. 6.

The velocities are given by

. . 6(1 +x)
Z = Zl-x2(l +)t-td.

This phase of motion ends when z = wand the bar BCB' becomes rigid. A travelling hinge
phase now takes place, with the hinge moving towards A. This presents no real problem,
since it is similar to the cantilever beam problem solved in closed form by Parkes [6].
Since this may be considered as a standard solution in dynamic rigid-plastic theory, the
results are quoted without development. .x is a variable, denoting the hinge position as in
Fig. 6.

. . (I+21'+I'x).
Z = ",I = Z2

(I +21'+I'x)
(25)

t 2 , 22, x are respectively the time. velocity of the mass and hinge position at the end of the
second phase.
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This phase is completed in a short time, when the hinge reaches A. Thereafter the
structure rotates about AA', as in the mode solution.

For comparative purposes an exact solution of the original problem (i.e. mass moving
at velocity vo) was attempted and is given in [16J for f3 = 1.0 and the range of parameters
shown in the shaded area in Fig. 7. This solution is extremely complex, with the major
difficulties occurring in the initial phases when hinges move away from the mass. After a
short time the mechanisms used in the approximate solution are established, and the
actual solution and the approximate solution thereafter are almost identical.

1.0 I-r""'?'-....-~=--------------

.8

.6

f3

.4

.2.

4+y
f3~--

4+4y

THE LINE AT f3~ 1.0 AND THE LINED
REGION ARE THE DOMAINS OF VALIDITY
OF THE EXACT RIGID-PERFECTLY -PLASTIC
ANALYSIS.

10010.1.01

OL-__---l... L.-.__---l... .l...-__---l..._

.001 y

FIG. 7.

Figure 8 shows a comparison of the final displacement of the attached mass for various
values of f3 and ~'. It can be noted that in general the two degree offreedom approximation
is a considerable improvement on the mode approximation, and that the further improve­
ment obtained by an exact analysis is small. The ratio between the displacement of B, w,
and the displacement of C, z, is given in Fig. 9. The mode approximation shows no varia­
tion with f3 and ~', and may seriously overestimate the displacement of the corner B. Typical
velocity-time plots for the mass are shown in Fig. 10.

4. RIGID-VISCO-PLASTIC APPROXIMATE SOLUTION

Symonds [14J and Bodner [15J have used a one degree of freedom mode approxima­
tion as a basis for the construction of an approximate rigid-visco-plastic solution with
some success in cantilever problems. A similar approximation may be found for the portal
frame under discussion, based on the approximate rigid-plastic solution given in section 3.
The rigid-visco-plastic approximation is motivated by the test results which are presented
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in the following section. In these experiments, on both steel and aluminum frames, dis­
crepancies between the predictions of the elementary rigid-plastic theory and the test
results are present which cannot be accounted for by strain hardening, geometry changes,
or elastic effects.

The visco-plastic approximation is essentially a kinematic one. The values of the
moments and torques at the hinges are replaced by elevated values obtained from an esti­
mate of the curvature and twist rates at the hinges. As a result, the generalized stresses
exceed the yield values over portions of the frame, but the strains in this region are not
included in the analysis.

In one dimension, the relation between strain-rate Sand stress (J in a rigid-visco-plastic
material will be taken to be of the form

(26)

where (Jo is the static yield stress and So and p are constants. A suitable generalization for
complex stress states has been suggested by Perzyna [18].

of
Sij = },o<P)_ (27)

o(Jij

where sij and (Jij are the strain-rate and stress tensors, and y0, p are constants

<P) = P for F 2: 0

<P) = 0 for F ~ 0

F = 0 is the initial yield surface.
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In this representation the yield surface expands isotropically as the magnitude of the
strain-rate is increased.

Since no studies on sections subjected to combined bending and torsion in the visco­
plastic range are known, it seems reasonable to base a relation on the isotropically ex­
panding yield surface. For combined bending and torque, the lower bound on the initial
yield surface (e.g. Hodge [19]) is given by

(28)

Replacing f.ij by the curvature and twist rates K and iX, and ()ij by the bending moment
and torsion moment M and T, equation (27) then gives the following relations when only
one generalized stress component acts on the section

K = D<(:0-I(> with T = 0

iX = ~« ;0 -1(> with M = 0

(29)

(30)

where f3 = To/Mo·
To be consistent with the rectangular yield surface used in the elementary rigid-plastic

theory it will be assumed that equations (29) and (30) are valid for all M and T (in place of
equation 28). The initial yield surface is then a rectangular shape defined by M = ±M 0,

T = ±To.
In simple bending of a rectangular beam, it may be shown that the constant in equation

(29) should be of the form

D = 2f.o(2P+ I)P
h 2p

(31)

where h is the depth of the beam.
It is necessary to estimate the strain-rates in the hinges in order to use equations (29)

and (30) to determine the elevated moments and torques. For this purpose a finite hinge
length b is taken, and it is assumed that the strain-rates are uniform throughout the hinge.
The rotation occurring in the hinge is the integral of the generalized strain along the
hinge length, given in this case by strain ti'hles hinge length. All hinges (i.e. at A and C)
are assumed to be of equal length, and thus

(32)
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where the subscripts refer to the hinges at A and C, and eand cb are the rotation rates
shown in Fig. 11. The rotation rates are related to the velocities wand zby the following
equations.

(33)
. z-w
4J=­

L

AI

FIG. 11.

The hinge length b must also be specified. Examination of specimens in dynamic structural
tests shows that the major part of the deformation is concentrated into a small length of
beam comparable with the beam depth. Consequently, calculations will be carried out
with b = 2h and b = 8h. The two predictions obtained on this basis will provide a band
which will cover most observations.

The analysis from this point follows closely that of the rigid-plastic approximate
analysis. The experiments reported in the following section were designed to fall into the
range

f3 < 4+y = R
- 4+4y

and consequently the visco-plastic approximation will be developed for this case. It will
be clear, however, that the approximation for f3 > R will proceed in a similar manner.

The first phase velocity field is shown in Fig. 4, with the initial conditions given by

. 18
z0 = -18=-+---'--II-y

-3w ---­
0- 18+lly' (35)



1186 G. L. JOHNSON and J. B. MARTIN

Three phases of behavior constitute the solution, as in the rigid-plastic apprvximation
of the preceding section. The equations of motion are those of the rigid-plastic approximate
analysis except with elevated moments M A , Me and TA , and may be summarized in terms
of the accelerations wand i.

with IMAIMol equal the absolute value of MAlMo.

(
Me TA) (MA)18(1 +y) -+/3- -(9+6)') -
M o To M oSecond Phase w = -----'----"---------'-----'-

)'(18+11;')

[42(-~:+P;:)-J-~:J
(18+ 111')

MA3--­
M

Third phase w = i = - (3 + 1~)')

(36)

(37)

(38)

(39)

(40)

The most comprehensive solution to these equations may be obtained by regarding
M A , Me and T.4 as functions of time, related to IV and zthrough equations (33), (32), (30)
and (29). The resulting differential equations are highly non-linear but in a form which
can be readily solved numerically.

In solving the equations for the purpose of comparing theoretical predictions and
experimental results, however, the approach of Perrone [10J and Bodner [15J will be
followed. It will be assumed that the moments MA, TA and Me are constant in each of the
three phases. Thus equations (36) through (40) can be integrated directly for each phase
(as in the rigid-plastic approximation). The constants of integration are determined
from the initial conditions or the terminal values of the previous phase. In this approach
the moment values M A' T.4' Me are found from the initial generalized strain-rates in each
phase. and hence from the initial velocities in each phase. This approach is motivated by
the nature of equations (29) and (30) when p is large (4 or 5 or larger). The moments will
remain close to their initial values until the strain-rates vary significantly. When final
displacements are compared. the effects of varying strain-rates are found to be very small.

5. EXPERIMENTAL STUDY

The purpose of the experimental study outlined below was to provide a preliminary
check on the validity of the theoretical study present above. For this reason a compre­
hensive set of experiments was not planned. However. the four sets of experiments carried
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out provide a reasonable variation in the non-dimensional parameters involved in the
analysis (apart from f3 = TolM 0)' The portal frames used in the experimental study were
of square cross section for which, according to the von Mises yield condition, f3 = 0·77.
Two lengths L were chosen, approximately 2·5 and 5'0 in. A total of 16 experiments were
performed, 8 with 6061-T6 aluminum alloy and 8 with 1021 mild steel.

The experimental apparatus is shown in the schematic diagram Fig. 12. An 8 in. wide
flange beam was suspended as a simple pendulum. The specimen with its attached mass
was clamped in the specimen holder, which was bolted securely onto the wide flange

10'

PEN

SPECIMEN

~
MPULSE"_

ATTACHED
MASS

FIG. 12. Experimental apparatus.

beam. A pen for recording the amplitude of the oscillations was also attached to the beam.
The mass G of width i in. was attached in such a manner that thei in. length of beam (not

included in the length L) onto which it was clamped would not deform during impact.
The load was applied by the detonation of an electric blasting cap which was contained in
a steel cylinder glued onto the attached mass. The steel cylinder disengaged from the
attached mass immediately upon detonation of the blasting cap, i.e. the steel cylinder
did not contribute to the attached mass. The natural period of vibration of the pendulum
was much greater than that of the portal frame, which in turn, was much greater than the
loading time. The load can thus be treated as an impulse. The impulse can be calculated
since the distance from point of suspension to center of gravity, the suspended mass, and
the amplitude of oscillation of the pendulum are known. To avoid extraneous vibrations
the apparatus was designed so that the impulse would be applied at a point about the
same level as the center of gravity of the suspended mass. To maintain this relationship,
a spacer was inserted between the specimen holder and the wide flange beam when the
longer specimens were tested.
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The specimens were machined from sheet stock and were differently oriented In an
effort to compensate for the effect of possible anisotropy due to rolling. Fmu ribbon test
specimens were also machined from the sheet, two in the direction of rolling and two
perpendicular to it. The aluminum alloy and steel ribbon specimens were subjected to
simple tension tests and the stress-strain curves were found to exhibit slight strain
hardening. The value of the yield stress 0"0 was based on the estimated strain due to bending
in the portal frame specimens. The direction of rolling was found to affect the stress level
about 10 per cent in the steel specimens and very little in the aluminum specimens. Typical
stress-strain curves for the steel and aluminum ribbon specimens are shown in Figs. 13
and 14.

The final deformation of the attached mass and the corners of the frame were measured
after detonation. The measurements. together with the complete data for each test. are
given in Table 1.
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FIG. 13. Steel stress-strain curve.
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FIG. 14. Aluminum alloy stress-strain curve.
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TABLE 1. EXPERIMENTAL RESULTS ::r

(1l

A-Aluminum S-Steel "0
(1l..,
3
10

EO K O ='L h 0"0 Vo Zexp W:xp Z*in. W*in. (1l

='
Test No. in. in. Ib/in2 in.lb in/sec in.lb in. in. b = 2h b = 8h b = 2h b = 8h -y 0-

(1l

Al 0·1 2·5 0·25 46,100 17-3 550 60 0·41 0·36 0·39 0·41 0·352 0·396
0'
3A2 0·1 2·5 0·25 46,100 17-3 975 187'5 1'59 1-45 1'51 1·60 1·39 1·53
~.

A3 0·1 2·5 0·25 46,100 17·3 810 130 1'06 (}96 1·01 1·07 0·932 1·03 0

A4 0·1 2'5 0·25 46,100 17-3 765 115'5 0·88 0·80 0·87 0·916 0·791 0·895 ='
0

A5 0·1 2·5 0·25 46,100 17-3 1050 216 1·54 1·40 1·77 1·86 1·60 1·78
...,
10

A6 1·0 5·3 0·40 42,200 79·2 2420 631 1·17 0·81 1·14 1·20 0·775 0·805 "0

A7 1·0 5·3 0-40 42,200 79·2 2350 582 1·10 0·74 1·05 1·11 0·703 0·735
0

A8 1·0 5-3 0-40 42,200 79·2 2420 631 1·15 0·79 1·14 1·20 0·775 0·805 ~
=l'
10
3
(1l

81 0·1 2·5 0·25 90,000 22·7 435 107·5 0·295 0·275 0·274 0·306 0·258 0·305 '"'"82 0·1 2·5 0·25 90,000 22·7 412 97·5 0·25 0·23 0·245 0·27 0·231 0·274 s:
(1l

83 0·1 2·5 0·25 90,000 22·7 417 99-6 0·285 0·265 0·25 0·278 0·235 0·281 n

"84 0·1 2·5 0·25 90,000 22·7 388 86'4 0·225 0·205 0·210 0,233 0·196 0·232 0-

85 1,0 5·0 0·35 75,000 62·2 1490 497 0·60 0·42 0·517 0·573 0·366 0·40 0'
86 1·0 5·0 0·35 75,000 62·2 1470 487 0·64 0·46 0·506 0·56 0·358 0·39 10

q
87 1·0 5·0 0·35 75,000 62·2 1465 482 0·60 0·42 0·501 0·554 0·355 0·388 10

='88 1·0 5·0 0·35 75,000 62·2 1470 487 0·60 0-42 0·506 0·56 0·358 0·39 '"<
(1l..,
'"Zexp, Wexp experimental results
(1l

Z*, W* predictions of approximate theory 3'
"0

Eo elastic energy '"::;:;(1l

-
00
10
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Theoretical calculations were made using the approximate rigid-viseD-plastic analysis
given in the previous section. For mild steel the data of Manjoine [7J as expressed by
Bodner and Symonds [8J was used for the dependence of yield stress on rate of strain.

(

(J ) 5t: = 40 ;-;;- I (41)

For the 6061-T6 aluminum alloy, the relation was also taken from Bodner and Symonds' 18J
work on cantilever beams

(42)

The initial energy to be used in the theoretical calculations was modified slightly on
the basis of the following argument. Consider a mass attached to a massless elastic-plastic
spring, as shown in Fig. 15. Let the elastic slope be E. and the yield stress be (J0' The mass
has initial velocity vo, corresponding to initial energy KO = GV6/2. The response of the
system is shown in Fig. 30(b). The stress in the spring will increase from 0 to (Jo (point Pd.
and then remain constan t until the strain reaches Emax • at P2 . At this poin t the work done
will be equal to KO. Thereafter a residual elastic vibration will take place in which the
stress and strain vary between P2 and P3 . If it is assumed that the residual vibration damps
out symmetrically, the final strain will be given by f,2' However, if the material is assumed

(a)

PI P2

0-0 - - - --.---------...---.

Ol'-----------+---'-~E

( b)

FIG. 15.
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to be rigid-plastic, the final strain, given by

will be the average of 1>2 and I>max' In the form of equation (43), 1>2 is actually given by

KO -(J6/2E
1>2 =

(43)

(44)

This implies that in order to obtain 1>2 by a rigid-plastic theory, the initial energy must be
modified by subtracting the energy which can be stored elastically in the spring. If KO is
very much larger than (J6/2E, 1» and 1>2 will be very nearly the same. However, if the energy
ratio is fairly small (as in some of the portal frames tested), the modification is significant.
This procedure was followed in calculating the initial energy to be used in the analysis.
The elastic energy was taken to be that stored in the frame when a point load (in the direction
of the impulse) of a magnitude which would cause yield in the structure was placed at the
point where the mass is attached.

A typical comparison of experimental results and theoretical calculations are given
in Figs. 16 and 17. The displacement of the mass (z) and the displacement of the corner
of the frame (w) are plotted for the 2·5 in. steel frames. Displacements are made dimension­
less by dividing the predicted rigid-plastic displacement. Thus, in the theoretical results
the effect of rate sensitivity is seen immediately. The results in the remainder of the tests
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may be found in Table 1. In all except the 5 in. steel frames the experimental results lie
within or very close to the band defined by hinge lengths of2h and 8h. In the 5 in. steel tests,
the displacements are somewhat larger than predicted, but can nevertheless be considered
to be in moderately good agreement with the theoretical results.

1.0

1/4" STEEL SPECIMEN

L = 2.5 INCHES

Y = 0.1

o EXPERIMENTAL RESULTS

-- VISCO -PLASTIC PREDICTIONS

.8
b = 8h

0
0- 0.: 0
~ .6 """0-

" b - 2 h
~

.4

.2
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va inches/sec

FIG. 17.
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A6cTpaKT-ITpHBO,ll,HTClI HCCJIe,ll,OBaHHe ,lI,eliCTBHlI Heynpyroil: peaKI.(HH nplIMoyroJIbHOH JIOpMaJIbHOH paMbI,
c npHCOe,ll,HHeHHoii: Maccoil: Kl.(eHTpy pHreJIlI, nO,ll,seplKeHHoil: BJIHlIHHIO HMnyJIbCHOH HarpY3KH, nOnepe'lHoil:
K nJIOCKOCTH paMbI. ITpe,ll,JIaraeTClI, 'ITO MaTepHaJI lIBJllIeTClI lKeCTKO-nJIaCTH'IeCKHM, a B3aHMO,I:\eii:cTBHe
MelK,lI,y H3rH60M H Kpy'leHHeM paCCMaTpHBaeTClI Ha OCHOBe yCJIOBHlI TeKy'lecTH npe,ll,CTaBJIeHHOrO B BH,lI,e
nplIMoyrOJIbHHKa. 06CYlK,lI,aIOTClI, ,lI,aJIee, OTHOllleHHe MaCCbI paMbI KnpHJIOlKeHHOH Macce y H oTHOllleHHe
npe,ll,eJIbHOro KpyTlIUlero MOMeHTa K npe,ll,eJIbHoMy MOMeHTy H3 m6a 13, KaK nepeMeHHbIe. ITpHMeHlIeTClI
npoCToe pellleHHe ,lI,ByX CTeneHeH CB060,ll,bI ,lI,JIlI 3a,ll,a'lH npH pa3HbIX HaJIJIbHbIX YCJIOBHlIX. OHO HCJIOJIb3yeTclI
,lI,JIlI annpoKcHMalIHH opHrHHaJIbHoii: 3a,ll,a'lH. AaeTclI cpaBHeHHe C TO'lHbIM lKeCTKO-nJIaCTH'IeCKHM pellleH­
HeM ,lI,JIlI OrpaHH'IeHOro ,lI,Hana30Ha BeJIH'IHH 13 H y. ITPOBO,ll,HJIHCb 3KcnepHMeHTbI Ha CTaJIbHhIX H aJIIOMH­
HHeBbIX paMax. HMnYJIbCHalI Harpy3Ka nOJIyqeHa nyTeM ,lI,eTOHaI.(HH B3PIIB'IaTbIX MaTepHaJIOB, npHJIOlKeH­
HbIX KnpHCOe,ll,HHeHHbIM MaccaM. 3KcnepHMeHTbI YKa3bIBalOT O'leBH,lI,HOCTb 3$$eKTOB 3aSHMOCTH HanplIlKe­
HHR TeKy'lecTH Ha CKOpOCTb ,lI,e$opMaIIHH. EcJIH Y'lHTbIBaeTCR '1YSCTBHTeJIbHOCTb CKOpOCTH B pellleHIO
,lI,JIR ,lI,BYX CTeneHeil: CB060,ll,bI npH6JIHlKeHHbIM cnoc060M, nOJIy'laeTclI Ha,ll,JIelKaUlalI KOppeJIRIIHR MelK,lI,y
TeopHeil: H 3KcnepHMeHTOM.


